Abstract. De Sitter spacetime can be separated into two parts along two kinds of hypersurfaces and the half-de Sitter spacetimes are covered by the planar and hyperbolic coordinates respectively. Two positive energy theorems were proved previously for certain P-asymptotically de Sitter and H-asymptotically de Sitter initial data sets by the second author and collaborators. These initial data sets are asymptotic to time slices of the two kinds of half-de Sitter spacetimes respectively, and their mean curvatures are bounded from above by certain constants. While the mean curvatures violate these conditions, the spacelike hypersurfaces with negative total energy in the two kinds of half-de Sitter spacetimes are constructed in this short paper.
Introduction
In general relativity, the positive energy theorem plays a fundamental role which serves as a consistent verification of the theory. If the positive energy theorem holds, the spacetime with vanishing total energy can be viewed as the ground state. In the case of zero cosmological constant, the positive energy theorem for asymptotically flat spacetimes was firstly proved by Schoen and Yau [9, 10, 11] , and then by Witten [13] using a different method. Recently, Witten's method was extended successfully to asymptotically Anti-de Sitter spacetimes and the positive energy theorem was proved completely and rigorously in the case of negative cosmological constant [12, 5, 16, 8, 15] . Recent cosmological observations indicated that our universe has a positive cosmological constant. It is therefore important to study whether the positive energy theorem for asymptotically de Sitter spacetimes holds. De Sitter spacetime with cosmological constant Λ = with the induced metric (cf. [6] ). It is covered by global coordinates where each time slice is a 3-sphere with constant curvature and has no spatial infinity. As the corresponding Killing vector fields to the Lorentzian generators are timelike in some region of de Sitter spacetime and spacelike in some other region, there is no positive conserved energy in de Sitter spacetime [14, 1] . So the issue of the positive energy theorem for asymptotically de Sitter spacetimes becomes sophisticated.
However, de Sitter spacetime can be separated into two parts along the hypersurface X 0 = X 4 and the half-de Sitter spacetime is covered by the planar coordinates with the de Sitter metric
Similarly, de Sitter spacetime can be separated into two parts along the hypersurface X 4 = −λ and the half-de Sitter spacetime is covered by the hyperbolic coordinates with the de Sitter metric
In [7] , two positive energy theorems were proved for certain P-asymptotically de Sitter and H-asymptotically de Sitter initial data sets. These initial data sets are asymptotic to time slices of the two kinds of half-de Sitter spacetimes covered by the planar coordinates and hyperbolic coordinates respectively. And their mean curvatures satisfy (2.1) for P-asymptotically de Sitter initial data sets and satisfy (2.2) for H-asymptotically de Sitter initial data sets.
In the case of zero or negative cosmological constants, the positive energy theorem holds for any asymptotically flat or asymptotically anti-de Sitter spacelike hypersurfaces whose mean curvatures have no restriction as (2.1) or (2.2). This motivates us to study further the special feature of the conditions (2.1) and (2.2) in the case of positive cosmological constant. In this short paper, we shall construct spacelike hypersurfaces with negative total energy in the two kinds of half-de Sitter spacetimes. The constructed spacelike hypersurfaces are either P-asymptotically de Sitter or H-asymptotically de Sitter. However, their mean curvatures violate (2.1) in the P-asymptotically de Sitter case and violate (2.2) in the H-asymptotically de Sitter case. As the two kinds of half-de Sitter spacetimes satisfy the vacuum Einstein field equations with positive cosmological constant, the dominant energy condition holds automatically. So these examples provide counterexamples of the positive energy theorem for general asymptotically de Sitter spacelike hypersurfaces. Thus it indicates that the positive energy theorem is no longer the general feature in theory of gravity when the cosmological constant is positive.
We would like to point out that de Sitter spacetime can be also separated into two parts along the hypersurface X 3 = 0. The time slices in this half-de Sitter spacetime are hemispheres. The counterexample to Min-Oo's conjecture related to the rigidity of hemispheres, constructed by Brendle, Marques and Neves, can be understood as the another failure of the positive energy theorem for spacetimes with positive cosmological constant [3] . We refer to the survey paper [4] for the recent works on Min-Oo's conjecture.
Positive energy theorems
In this section, we review two positive energy theorems proved in [7] . Let (N 1,3 ,g) be a spacetime satisfying the Einstein equations with a positive cosmological constant Λ = 
, 0 < α < 1, where P is certain positive constant,g is the standard metric of R 3 , C k,α −τ are weighted Hölder spaces defined in [2] . Moreover, the scalar curvature
The total energy E l and the total linear momentum P lk of M l for P-asymptotically de Sitter initial data set (M, g, K) are
if there is a compact set M c such that M − M c is the disjoint union of a finite number of
where B r is the closed ball of radius r with center at the coordinate origin. And g
is the frame, {ȇ i } is the coframe.∇ H is the Levi-Civita connection ofg H . LetR,∇, ρ z be the scalar curvature, the Levi-Civita connection ofḡ and the distance function with respect to z ∈ M respectively. We further require R +
The total energy-momentum of the end M l are
where 0 ≤ ν ≤ 3, (n ν ) = (1, sin θ cos ψ, sin θ sin ψ, cos θ), S R,l is the coordinate sphere of radius R in M l .
The following two positive energy theorems are proved in [7] . (N 1,3 ,g ) is de Sitter along M. In particular, (N 1,3 ,g ) is globally de Sitter in the hyperbolic coordinates if it is globally hyperbolic.
Moreover, the mean curvature achieves the equality in (2.2) and the spacetime
In general, the conformal factors P and H are functions on 3-manifolds. The above positive energy theorems hold only when P and H are constants on ends. Let e 0 be timelike unit normal to M. It is well-known that
where L is the Lie derivative and "pro j" means the projection to the tangent bundle of M. For t-slice with e 0 = ∂ t in the metric (1.2),
and for T -slice (T 0) with e 0 = ∂ T in the metric (1.3),
Thus the mean curvatures conditions (2.1) and (2.2) indicate that, in certain sense of average, the 3-space evolution in spacetime N should not be too rapid to exceed the standard de Sitter spacetime in order to keep positivity of the total energy.
Negative total energy
In this section, we construct certain spacelike hypersurfaces with negative total energy. The mean curvatures of these hypersurfaces violate the condition (2.1) or (2.2). These hypersurfaces are constructed by slightly perturbing the t or T -slices in half-de Sitter spacetime.
First of all, we provide the formula of the second fundamental form of a graph. Let (M n ,ĝ) be an n-dimensional Riemannian manifold,∇ be its Levi-Civita connection, I be an interval of R. We equip I × M with the wrapped product
where ρ = ρ(t) is a positive smooth function. Suppose that Σ is a smooth graph which is given by
Choosing a frame {ê i } on M, the tangent space of the graph Σ is spanned by
As ∂ t + ρ −2∇ f is orthogonal to Σ, the graph is spacelike if and only if
is a timelike unit normal vector field of the graph. Let g be the induced metric on Σ. The components of the second fundamental form with respect to the normal vector ν are
.
(i) The P-asymptotically de Sitter case: Consider the graph where
for certain constant t 0 in the half-de Sitter spacetime equipped with the metric (1.2) in the planar coordinates. As
1) holds and the graph is an embedding spacelike hypersurface for ε is sufficiently small.
Note that
thus the induced metric and the second fundamental forms of the graph are
x i x j ,
Using the formula on the difference of the scalar curvatures of two metrics (c.f. [3] , p187), 
This implies that R g is L 1 . Thus, (R 3 , g, K) is P-asymptotically de Sitter with the constant P = e t 0 λ . Note that
This shows that if ε 0, then tr g (K) > 3 λ for large r, which violates the condition (2.1). Now the total energy is
So E < 0 if ε < 0. Furthermore, the total linear momentum
(ii) The H-asymptotically de Sitter case: Consider the graph where
for certain constant T 0 0 in the half-de Sitter spacetime equipped with the metric (1.3) in the hyperbolic coordinates. (Note that the hyperbolic coordinates are only valid for T 0, T 0 = 0 can not be chosen here.) As
Recall that the standard hyperbolic metricg H with theg H -orthonormal framȇ e 1 ,ȇ 2 ,ȇ 3 . By Cartan's structure equations dȇ i = −ω i j ∧ȇ j and
and other ω i j , Γ k i j vanish. Clearly, the gradient of f is
we can find the Hessian of f
λ diag 3, − coth R λ , − coth R λ .
Then the induced metric and the second fundamental forms of the graph are 
